
Lecture 05:  

RNA-Seq differential 
expression

Wolfgang Huber  



Aims for this lecture

Understand the peculiarities of count-data from high-
throughput sequencing and the Gamma-Poisson model 

Some basic concepts for generalized linear models (cf. 
Levi’s lecture on Wed for more) 

Understand shrinkage estimation and its application to 
modelling experiments using HT assays 

Some further bells and whistles of DESeq2: transformation, 
outlier robustness, banded testing 

Testing differential exon abundance (→isoform usage)



Count data in HTS

Gene       GliNS1  G144    G166    G179    CB541   CB660 

13CDNA73   4       0       6       1       0       5 

A2BP1      19      18      20      7       1       8 

A2M        2724    2209    13      49      193     548 

A4GALT     0       0       48      0       0       0 

AAAS       57      29      224     49      202     92 

AACS       1904    1294    5073    5365    3737    3511 

AADACL1    3       13      239     683     158     40 

[...] 

• RNA-Seq 

• ChIP-Seq 

• HiC 

• Barcode-Seq 

• Peptides in mass spec 

• ...
Simon Anders
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Challenges

Large dynamic range (0 ... 105) 

➡ heteroskedasticity matters 

Data are discrete, positive, skewed 
Small numbers of replicates ( … ) 
➡ no (log-)normal model  

➡ no rank based or permutation methods 

➡ use parametric stochastic model to infer tail behaviour 
(approximately) from low-order moments 

➡ power sharing between genes (‘large-p small n’) 



The Gamma-Poisson (a.k.a. Negative Binomial) distribution

Genetic Interactions

dij = ⇧ µi µj

(m̂, m̂0, ŵ) = argmin
X

ijk

|log ddijk � w �mi �mj|11
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Bioconductor package 
DESeq, since 2010
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The Gamma-Poisson distribution models a Poisson 
process whose mean is itself randomly varying

Biological sample to sample 

variability Γ

Poisson counting statistics Λ

Overall distribution GP

NB(μ, σ2 + μ)  =  Λ(Γ( μ, σ2)) 

⇓

⇓

0 20 40 60 80
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00
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Two component noise model

Large counts 

Biological noise 
dominant 

Improve power: 
more biol. 
replicates

var   =    μ   +   c μ2 

  

shot noise (Poisson)       biological noise 

Small counts 

Sampling noise 
dominant 

Improve power: 
deeper coverage 



Noise part

Systematic 
part

μij     expected count of gene i in sample j 
sj       library size effect 
xkj     design matrix 

βik    (differential) expression effects for gene i

Generalised linear model of the  
Gamma-Poisson (or NB) family

GLM

Nij ⇠ Poisson(µij)

Nij ⇠ NB(µij,↵ij)

log µij = sj +

X

k
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3
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Important special case: 
two groups



What is a generalized linear model?

Y ~ D( μ, σ) 

A GLM consists of three elements: 

1. A linear predictor η = X β  

2. A non-linear transformation (link function) g such that g(μ) = η  

3. A probability distribution D (from the exponential family),  
                  with mean μ and scale σ 

Ordinary linear model: g = identity, D = normal 

DESeq(2), edgeR, ...:   g = log, D = Gamma-Poisson 



Design with a blocking factor
Sample treated sex

S1 no male

S2 no male

S3 no male

S4 no female

S5 no female

S6 yes male

S7 yes male

S8 yes female

S9 yes female

S10 yes female



GLM with blocking factor

full model for gene i:

reduced model for gene i:

i : genes 
j : samples



GLM: Interactions

full model for gene i:

reduced model for gene i:



GLMs: paired designs

•   Often, samples are paired (e.g., a tumour and  
    a healthy-tissue sample from the same patient) 

•   Then, using pair identity as blocking factor improves power.

full model:

reduced model:



Recap: designs for generalized linear models

Simple design: 
Two groups, e.g. control and treatment 

Common complex designs: 
• Designs with blocking factors 
• Factorial designs 
• Designs with interactions 
• Paired designs



Dual-assay designs (e.g.: CLIP-Seq + RNA-Seq)

How does affinity of an RNA-binding protein to  
mRNA change under a (drug, RNAi) treatment? 

For each sample, we are interested in the  
ratio of CLIP-Seq to RNA-Seq reads. How is it affected by 
treatment? 

full model: 
   count ~ assayType + treatment + assayType : treatment 

reduced model: 
   count ~ assayType + treatment

See https://support.bioconductor.org/p/61509/ (“DESeq2 testing ratio of ratios”)  
For an application example: e.g., Zarnack et al., Cell 2013

https://support.bioconductor.org/p/61509/


Benefitting from the many variables (‘big data’)

To assess signal and noise in the data from one gene, we 

have 

•  the data for that gene 

•  that of all the other genes  

•  user-defined parameters (e.g. cutoffs) 

⇒ regularisation, (empirical) Bayes

Michael Love
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M. Love: RNA-seq data analysis

Theoretical Interlude: Shrinkage estimation
distribution of 1000  
darts players' ability: 
not observed

"shrunken" estimates 

less error overall 
than individual estimates

observed distribution:  
averages of 3 throws from  
each of 1000 players

shrink the averages  
towards a center defined 
by the observed distribution

each throws 3 darts → 
estimates of each player’s 

ability & his/her  
distribution.                 .  
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M. Love: RNA-seq data analysis

Shrinkage estimation

population  
distribution

sampling variance  
around true ability

empirical 
distribution 

the center defines  
the prior mean

MLE 
maximum likelihood estimates

shrunken 
estimates or 
MAP 
maximum a posteriori

dashed = unobserved
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Shrinkage estimation

✗✗

✓
✓ ✗



M. Love: RNA-seq data analysis

Shrinkage estimators in genomics

• Lönnstedt and Speed 2002: microarrays 

• Smyth 2004: limma for microarrays 

• Robinson and Smyth 2007:  
edgeR for SAGE and then applied to RNA-
seq 

• Many adaptations: DSS and DESeq2 use a 
similar approach, data-driven strength of 
shrinkage



Shrinkage of dispersion for RNA-seq

a subset of genes (Pickrell)all genes (Pasilla)

1. Gene estimate = maximum likelihood estimate (MLE) 
2. Fitted dispersion trend = the mean of the prior 
3. Final estimate = maximum a posteriori (MAP)
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M. Love: RNA-seq data analysis

Shrinkage of fold changes for RNA-seq

Noisy estimates due to low counts 
statistical model will give large p-values, 
but also the FC estimates themselves are  
not trustworthy

shrinkage is not equal. 
strong moderation for low  
information genes: low counts

almost no  
shrinkage



M. Love: RNA-seq data analysis

Why shrink fold changes?

Split a dataset into two equal parts, compare LFC



M. Love: RNA-seq data analysis

Why shrink fold changes?

G. A. Moyerbrailean et al. "A high-throughput RNA-seq approach to profile 
transcriptional responses" http://dx.doi.org/10.1101/018416

Comparison of log fold changes 
across two experiments. 

"A new two-step high-
throughput approach: 

1. gene expression screening of 
a large number of conditions 

2. deep sequencing of the 
most relevant conditions"



The maths: empirical Bayes shrinkage  
of gene-wise dispersion estimates

↵̂
MLE

= argmax

↵
(`(↵|~k, µ̂))

CR(↵) = �1

2

log(det(XtWX))

↵̂
CR

= argmax

↵
(`(↵|~k, µ̂) + CR(↵))

prior(↵) = fN (log(↵); log(↵
fit

),�2

↵-prior)

↵̂
CR-MAP

= argmax

↵
(`(↵|~k, µ̂) + CR(↵) + log(prior(↵)))

Love, Anders, Huber, Genome Biology 2014
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The maths: empirical Bayes shrinkage  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“naive” GLM likelihood

Cox-Reid bias term
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The maths: empirical Bayes shrinkage  
of gene-wise dispersion estimates

“naive” GLM likelihood

Cox-Reid bias term

bias-corrected likelihood

prior on α by ‘information sharing’ 
across genes

penalized likelihood 

↵̂
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(`(↵|~k, µ̂) + CR(↵) + log(prior(↵)))

Love, Anders, Huber, Genome Biology 2014
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Figure 2 E↵ect of shrinkage on logarithmic fold change estimates. Plots of the (A) maximum
likelihood estimate (MLE, i.e., no shrinkage) and (B) maximum a posteriori (MAP) estimate (i.e.,
with shrinkage) for the logarithmic fold changes attributable to mouse strain, over the average
expression strength for a 10 vs 11 sample comparison of the Bottomly et al. [15] dataset. Small
triangles at the top and bottom of the plots indicate points that would fall outside of the plotting
window. Two genes with similar mean count and MLE logarithmic fold change are highlighted
with green and purple circles. (C) The counts (normalized by size factors sj) for these genes
reveal low dispersion for the gene in green and high dispersion for the gene in purple. (D) Density
plots of the likelihoods (solid lines, scaled to integrate to 1) and the posteriors (dashed lines) for
the green and purple gene and of the prior (solid black line): due to the higher dispersion of the
purple gene, its likelihood is wider and less peaked (indicating less information), and the prior has
more influence on its posterior than in the case of the green gene. The stronger curvature of the
green posterior at its maximum translates to a smaller reported standard error for the MAP LFC
estimate (horizontal error bar).

and the maximum of the posterior (MAP) estimates are kept as final estimates of

LFC. Furthermore, a standard error for each estimate is reported, which is derived

from the posterior’s curvature at its maximum (see Methods for details). These

shrunken LFCs and their standard errors are used in the Wald tests for di↵erential

expression described in the next section.

The resulting MAP LFCs are biased toward zero in a manner that removes the

problem of “exaggerated” LFCs for low counts. As Figure 2B shows, the strongest

LFCs are no longer exhibited by genes with weakest expression. Rather, the esti-

mates are more evenly spread around zero, and for very weakly expressed genes (less

than one read per sample on average), LFCs hardly deviate from zero, reflecting

that accurate LFC estimates are not possible here.

The strength of shrinkage does not depend simply on the mean count, but rather

on the amount of information available for the fold change estimation (as indicated

by the observed Fisher information; see Methods). Two genes with equal expres-

Example: difference between maximum likelihood and 
maximum a posteriori estimate for two genes



Banded hypothesis testing:  
integrate testing with fold-change cutoff

Love et al. Page 9 of 57

Figure 4 Hypothesis testing involving non-zero thresholds. Shown are MA-plots for a 10 vs 11
comparison using the Bottomly et al. [15] dataset, with highlighted points indicating low adjusted
p-values. The alternate hypotheses are that logarithmic (base 2) fold changes are (A) greater than
1 in absolute value or (B) less than 1 in absolute value.

Specifying minimum e↵ect size.

Most approaches to testing for di↵erential expression, including the default ap-

proach of DESeq2, test against the null hypothesis of zero logarithmic fold change.

However, once any biological processes are genuinely a↵ected by the di↵erence in

experimental treatment, this null hypothesis implies that the gene under considera-

tion is perfectly decoupled from these processes. Due to the high interconnectedness

of cells’ regulatory networks, this hypothesis is, in fact, implausible, and arguably

wrong for many if not most genes. Consequently, with su�cient sample size, even

genes with a very small, but non-zero logarithmic fold change will eventually be

detected as di↵erentially expressed. A change should therefore be of su�cient mag-

nitude to be considered biologically significant. For small scale experiments, statis-

tical significance is often a much stricter requirement than biological significance,

thereby relieving the researcher from the need to decide on a threshold for biological

significance.

For well-powered experiments, however, a statistical test against the conventional

null hypothesis of zero logarithmic fold change may report genes with statistically

significant changes that are so weak in e↵ect strength that they could be consid-

ered irrelevant or distracting. A common procedure is to disregard genes whose

estimated logarithmic fold change �
ir

is below some threshold, |�
ir

|  ✓. However,

this approach loses the benefit of an easily interpretable false discovery rate, as the

reported p-value and adjusted p-value still correspond to the test of zero logarithmic

fold change. It is therefore desirable to include the threshold into the statistical test-

ing procedure directly, i.e., not to filter post-hoc on a reported fold-change estimate,

but rather to statistically evaluate directly whether there is su�cient evidence that

the logarithmic fold change is above the chosen threshold.

DESeq2 o↵ers tests for composite null hypotheses of the form |�
ir

|  ✓, where �
ir

is the shrunken LFC from the estimation procedure described above. (See Methods

for details.) Figure 4A demonstrates how such a thresholded test gives rise to a
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Figure 14: Heatmaps showing the expression data of the 30 most highly expressed genes. Left, the variance stabilisation
transformed data (vsdFull) are shown, right, the original count data (cdsFull). In the left panel, the sample clustering
aligns with the experimental factor (treated / untreated). The clustering and the colour scale in the right plot is
dominated by a small number of data points with large values.

The clustering correctly reflects our experimental design, i.e., samples are more similar when they have the same
treatment or the same library type. (To avoid potential circularities in this conclusion, it was important to re-estimate
the dispersions with method="blind" in the calculation for cdsFullBlind above, as only then, the variance stabilizing
transformation is not informed about the design, and we can be sure that it is not biased towards a result supporting
the design.)

7.3 Principal component plot of the samples

Related to the distance matrix of Section 7.2 is the PCA plot of the samples, which we obtain as follows (Figure 16).

> print(plotPCA(vsdFull, intgroup=c("condition", "libType")))

7.4 arrayQualityMetrics

Heatmaps and PCA plots similar to Figures 15 and 16 as well as some further diagnostics are also provided by the
package arrayQualityMetrics. The package may be particularly useful for larger data set with dozens of samples. You
can call its main function, which is also called arrayQualityMetrics, with an ExpressionSet such as vsdFull, which you
will have produced from your CountDataSet with calls to estimateDispersions and varianceStabilizingTransformation
as in the beginning of Section 7.1.

Brixen 2012: Di�erential expression of RNA-Seq data at the gene level

Variance-stabilizing transformation
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Figure 14: Heatmaps showing the expression data of the 30 most highly expressed genes. Left, the variance stabilisation
transformed data (vsdFull) are shown, right, the original count data (cdsFull). In the left panel, the sample clustering
aligns with the experimental factor (treated / untreated). The clustering and the colour scale in the right plot is
dominated by a small number of data points with large values.

The clustering correctly reflects our experimental design, i.e., samples are more similar when they have the same
treatment or the same library type. (To avoid potential circularities in this conclusion, it was important to re-estimate
the dispersions with method="blind" in the calculation for cdsFullBlind above, as only then, the variance stabilizing
transformation is not informed about the design, and we can be sure that it is not biased towards a result supporting
the design.)

7.3 Principal component plot of the samples

Related to the distance matrix of Section 7.2 is the PCA plot of the samples, which we obtain as follows (Figure 16).

> print(plotPCA(vsdFull, intgroup=c("condition", "libType")))

7.4 arrayQualityMetrics

Heatmaps and PCA plots similar to Figures 15 and 16 as well as some further diagnostics are also provided by the
package arrayQualityMetrics. The package may be particularly useful for larger data set with dozens of samples. You
can call its main function, which is also called arrayQualityMetrics, with an ExpressionSet such as vsdFull, which you
will have produced from your CountDataSet with calls to estimateDispersions and varianceStabilizingTransformation
as in the beginning of Section 7.1.

Brixen 2012: Di�erential expression of RNA-Seq data at the gene level
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Figure 15: Heatmap showing the Euclidean distances between the samples as calculated from the variance stabilising
transformation of the count data.
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Figure 16: PCA plot. The 7 samples shown in the 2D plane spanned by their first two principal components. This
type of plot is useful for visualizing the overall e�ect of experimental covariates and batch e�ects. For this data set,
no batch e�ects besides the known e�ects of condition and libType are discernible.

Brixen 2012: Di�erential expression of RNA-Seq data at the gene level

f(
x
)

x



Regularized log-transformation:  
Visualization, Clustering, PCA

0
50

10
0

15
0

log2

he
ig

ht

●

SN
L:

2m
n

●

SN
L:

2m
n

●

SN
L:

2w
k

●

SN
L:

2w
k

●

C
TR

L:
2m

n

●

C
TR

L:
2m

n

●

C
TR

L:
2w

k

●

C
TR

L:
2w

k

0
20

40
60

80

rlog

he
ig

ht

●

C
TR

L:
2w

k

●

C
TR

L:
2w

k

●

C
TR

L:
2m

n

●

C
TR

L:
2m

n

●

SN
L:

2w
k

●

SN
L:

2w
k

●

SN
L:

2m
n

●

SN
L:

2m
n

“rlog”:  
Shrunken log fold changes for 
every sample:  
reduces effect of shot noise on 
inter-sample distances

RNA from the dorsal root ganglion of rats that underwent spinal nerve ligation and controls, 
2 weeks & 2 months after the ligation. Hammer, …, Beutler AS, Genome Research 2010.



GSEA with shrunken log fold changes

RNA from the dorsal root ganglion of rats that underwent spinal nerve ligation and controls, 
2 weeks & 2 months after the ligation. Hammer, …, Beutler AS, Genome Research 2010.

Reactome gene set 
one-sample t-statistic 

Neuronal System  
144 genes 
avg LFC: -0.55 
adjusted p-value: 10-8 



Summary so far

• Text-book statistical concepts are (almost) sufficient for 

differential expression: ANOVA, hypothesis testing, 

generalized linear models 

• In addition: small-n large-p -  information sharing across 

genes, empirical Bayes, shrinkage 

• Outliers 

• Data transformation: visualisation, clustering, classification  

• Next up: exon-level analysis



Genes and transcripts

So far, we looked at read counts per gene. 

A gene’s read count may increase 

- because the gene produces more transcripts 

- because the gene produces longer transcripts 

How to look at gene sub-structure?



Wikipedia



Data: Brooks, ..., Graveley, Genome Res., 2010

Alejandro 
Reyes

Alternative isoform 
regulation



Count table for a gene
number of reads mapped to each exon in a gene 

    treated_1 treated_2  control_1  control_2 
E01       398       556        561        456 
E02       112       180        153        137 
E03       238       306        298        226 
E04       162       171        183        146 
E05       192       272        234        199 
E06       314       464        419        331 
E07       373       525        481        404 
E08       323       427        475        373 
E09       194       213        273        176 
E10        90        90        530        398    <--- ! 
E11       172       207        283        227 
E12       290       397        606        368    <--- ? 
E13        33        48         33         33 
E14         0        33          2         37 
E15       248       314        468        287 
E16       554       841       1024        680 
[...]



Exon counting bins

Anders, Reyes and Huber. 
Genome Research 2012



Counting rules

• Alignment vs genome 

• Uniquely aligned reads



Differential exon usage

msn - mishappen



DEXSeq

test for changes in the (relative) usage of exons:

number of reads mapping to the exon 

number of reads mapping to the other exons of 
the same gene



DEXSeq

counts in gene i, sample j, exon l dispersionsize factor

expression 

strength in control

fraction of reads 

falling onto exon 

l in control

change to fraction 

of reads for exon l 

due to treatment

change in expression 

of gene i due to 

treatment
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• “Rate of gene expression evolution varies among organs, lineages 

and chromosomes, owing to differences in selective pressures” 

• 9 species, 6 tissues, 2 individuals each: ~139 samples, 

~414.145.196 high quality reads  

• General goal: explore the functional and evolutionary aspect of the 

regulation of exon usage



Tissue and species dependence of relative exon usage

Figures

Fig. 1. Cartoon
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Fig. 2. c) Tissue and species dependence of relative exon usage. I. Relative usage patterns
of exons 8–13 of gene SYNPO. For each exon, the heatmap matrix shows increased or decreased
relative usage of the exon among all transcripts produced from the gene in the six species and
the five tissue types (hsa: human, ppa: bonobo, ptr: chimpanzee, ggo: gorilla, ppy: orangutan,
mml: rhesus monkey; br: brain, cb: cerebellum, ht: heart, lv: liver, kd: kidney; colors represent
logarithmic fold change (base 2) with respect to the average). Exons E010 shows vertical stripe
patterns, indicative of high relative usage in heart, kidney and liver, while it is infrequently
used among the genes’ transcripts in brain and cerebellum. The complementary behaviour
across tissues was observed in exons E012 and E013. II. The relative usage of exon E004 of
ELK4 showed a strong species e↵ect as indicated by the horizontal stripe pattern. This exon is
uniquely express in the rhesus monkey tissues.
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Alternative usage of exons provides genomes with plasticity to
produce different transcripts from the same gene, modulating the
function, localization, and life cycle of gene products. It affects
most human genes. For a limited number of cases, alternative
functions and tissue-specific roles are known. However, recent
high-throughput sequencing studies have suggested that much
alternative isoform usage across tissues is nonconserved, raising
the question of the extent of its functional importance. We
address this question in a genome-wide manner by analyzing
the transcriptomes of five tissues for six primate species, focusing
on exons that are 1:1 orthologous in all six species. Our results
support a model in which differential usage of exons has two major
modes: First, most of the exons show only weak differences, which
are dominated by interspecies variability and may reflect neutral
drift and noisy splicing. These cases dominate the genome-wide
view and explain why conservation appears to be so limited.
Second, however, a sizeable minority of exons show strong differ-
ences between tissues, which are mostly conserved. We identified
a core set of 3,800 exons from 1,643 genes that show conservation
of strongly tissue-dependent usage patterns from human at least to
macaque. This set is enriched for exons encoding protein-disordered
regions and untranslated regions. Our findings support the theory
that isoform regulation is an important target of evolution in
primates, and our method provides a powerful tool for discovering
potentially functional tissue-dependent isoforms.

alternative isoform regulation | comparative transcriptomics

Alternative exon usage has been observed to affect most
multiexon genes in mammals (1–3). As a result, distinct

proteins can be produced that differ in their inclusion of regu-
latory or functional features, including natively unstructured
regions (4) and linear motifs (5, 6). These differences have the
potential to affect the specificity, efficiency, localization, or life
cycle of proteins. Moreover, alternative usage of exons, in-
cluding those containing untranslated regions (UTRs), can af-
fect the stability, localization, or translation of RNAs. In the
literature, a considerable number of examples exist of functional
diversity created by the alternative usage of exons (reviewed in
ref. 7). For instance, mouse embryonic stem cells express the
FOXP1-ES splicing variant of FOXP1; this variant promotes the
expression of transcription factors that are necessary to maintain
pluripotency (8).
Alternative usage of exons is correlated with organismal com-

plexity, and it is thought that by enhancing proteome diversity, it is
essential for the ability of a single genome to generate pheno-
typically diverse tissues (9). For example, the GAS7 gene encodes
multiple tissue-specific isoforms that differ in the inclusion of
a region coding for a WW domain that mediates protein inter-
actions (10). Genome-wide, tissue-specific splicing has been found
enriched in exons coding for intrinsically disordered regions of
proteins and short linear motifs that mediate protein interactions,
suggesting a mechanism for the creation of tissue-specific in-
teraction networks (11, 12). Tissue-dependent usage (TDU) of

exons also affects noncoding parts of transcripts, such as 3′ UTRs,
which often contain binding sites for micro-RNAs and RNA-
binding proteins (13). For example, the brain tends to have tran-
scripts with much longer UTRs than other tissues (14).
Despite these observations, which point to the functional im-

portance of exon usage regulation, there is also conflicting evi-
dence: Splicing factor recognition motifs are short and degenerate,
exon usage can vary between individuals because of subtle ge-
netic variations in cis-regulatory regions (15, 16), and it has been
suggested that a stochastic model of processes in the splicing
machinery explains most splicing variation (17). In fact, a com-
parative analysis of transcriptomes associated with multiple hu-
man individuals found a high prevalence for noisy, presumably
erroneous, splicing, particularly in low-abundance isoforms (18).
Moreover, prominent differences in splicing have been reported
between species as close as human and chimpanzee (19, 20). By
analyzing transcriptomes of physiologically equivalent organs in
mammalian and other vertebrate species, it was recently shown
that the splicing variation between species, even between
equivalent tissues, exceeds the within-species variation across
tissues (21, 22). This finding is in stark contrast to what is observed
for overall gene expression levels, in which tissue-dependence
patterns show strong conservation (23).
Taken together, the following dilemma arises: alternative exon

usage affects almost all human genes, but evidence of the functional

Significance

In higher organisms, most genes consist of several discon-
nected regions (exons), which are combined in various ways to
produce several different gene transcripts from the same gene.
Such alternative exon usage is thought to contribute to the
ability of organisms to generate different cell types and tissues
from a single genome. However, recent evidence has also
suggested that much alternative exon usage might be noise
with no particular function. We reconcile these two views by
comparing how exons are used in different tissues and for
which exons these usage patterns across tissues change or stay
similar (are “conserved”) in several primate species. The latter
case is an indication that the pattern is of functional importance,
and our analysis quantifies how widespread such cases are.
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